The conductance of carbon nanotubes with a Stone-Wales defects composed of two pentagon-heptagon pairs is calculated in an effective-mass approximation. The presence of topological defects is represented as a nonlocal potential. The results obtained in the k·p scheme agree with those in a tight-binding model. §1. Introduction Recent synthetic techniques have made it possible to obtain various carbon structures based on fullerenes. A carbon nanotube (CN) was first produced by means of the arc-discharge evaporation method.
§1. Introduction
Recent synthetic techniques have made it possible to obtain various carbon structures based on fullerenes. A carbon nanotube (CN) was first produced by means of the arc-discharge evaporation method.
1) A CN is composed of coaxially rolled graphite sheets. A single-shell CN can be either a metal or a semiconductor depending on the circumferential length and the helical fashion. The purpose of this paper is to discuss electronic states of a CN with a topological scatterer called a Stone-Wales defect based on an effective-mass scheme.
Various energy band calculations have been performed. 2−12) It has been found that these characteristic properties are reproduced well in a k·p method, 13, 14) which is effective in the study of effects of external fields such as a magnetic and electric field. In fact, the effective-mass scheme has been used successfully in the study of wide varieties of electronic properties of CN, such as magnetic properties 15) including the Aharonov-Bohm effect on the band gap, 13) optical absorption spectra, 16, 17) exciton effects, 18) lattice instabilities in the absence 19) and presence of a magnetic field, 20, 21) and magnetic properties of ensembles of nanotubes. 22) Thus, the k·p method is quite useful when we study the low-energy electronic properties of CN's.
Theoretical calculations were made on transport properties of CN. In particular, effects of impurity scattering in CN's were studied and the complete absence of back scattering was proved rigorously except for scatterers having a potential range smaller than the lattice constant. 23) This intriguing fact was related to Berry's phase acquired by a rotation in the wave vector space in the system described by a k·p Hamiltonian 13) which is the same as Weyl's equation for a neutrino. 24) Effects of scattering by a short-range and huge potential were studied. 25−30) The conductance was shown to be quantized into zero, one, and two times of the conductance quantum e 2 /πh depending on the type of the vacancy. Effects of scattering on long wavelength phonons were also studied. 31, 32) Topological effects on the electronic states of CN systems are interesting. One typical example of topological defects present in two-dimensional (2D) graphite is a Stone-Wales defect, composed of two heptagon-pentagon pairs next to each other. 33) It is realized by bond alternation within four nearest honeycombs, and is known to be energetically quasi-stable. The purpose of this paper is to study roles of a Stone-Wales defect as a scatterer of conduction electrons.
In §2 the effective-mass equation is formulated in the presence of bond alternations. In §3 effects of a single lattice vacancy are treated based on bond potentials and the presence of a singularity at the Fermi level and strong dependence on cutoff parameters are demonstrated. In §4 numerical results for a Stone-Wales defect are presented. In §5 effects of a magnetic field applied perpendicular to the axis are discussed. A summary and conclusions are given in §6. §2. Effective-Mass Description
Bond Potential
An effective-mass Hamiltonian for a nonlocal StoneWales defect can be derived by starting with a tightbinding model and following a procedure similar to that of impurities or short-range defects discussed previously, 23, 29, 30) but actual derivation is tedious and resulting expressions become complicated. In the following, therefore, we shall reformulate the procedure in a way more appropriate for handling of nonlocal defects.
The structure of 2D graphite sheet is shown in Fig.  1 . In 2D graphite, two bands having approximately a linear dispersion cross the Fermi level (chosen at ε = 0) at K and K' points of the first Brillouin zone. The wave vectors of the K and K' points are given by K = (2π/a)(1/3, 1/ √ 3) and K = (2π/a)(2/3, 0), where a is the lattice constant.
For states in the vicinity of the Fermi level, the total wave function is written as 2πi/3 and η is the chiral angle between the chiral vector L and the x axis fixed on the graphite plane as is shown in Fig. 1 . These equations are rewritten briefly as
by introducing two-component vectors
3)
and
. (2.5) In general, the equation of motion at a site A is given by
(2.6) where we define τ 1 , τ 2 , and τ 3 as shown in Fig. 1 (a) , where
, and τ 3 = (a/2)(1,−1/ √ 3). In order to obtain the effective-mass equation, we introduce a real smoothing function g(R), which has an appreciable amplitude when |R| is smaller than a few times of the lattice constant and decays rapidly but smoothly with increasing |R|. Normalization is made in such a way that
For a slowly-varying function F (r), we have
where Ω 0 is the area of the unit cell of 2D graphite in the real space, given by Ω 0 = ( √ 3/2)a 2 . The effective-mass equation is derived by multiplying g(r − R A )a(R A ) from the left on both sides of eq. (2.6) and summing them over R A . Then the left hand side of eq. (2.6) becomes (2.9) where the slowly-varying nature of the envelope function F A (r) has been used from the first line to the second. In deriving the third line, we have used the fact that the off-diagonal elements of a(R A )a † (R A ) disappear after summation over R A because g(r−R A ) can be regarded as slowly-varying on the scale of the lattice constant.
Similarly, the first term in the right hand side of eq. (2.6) becomes
10)
The second and third terms in the right hand side of eq. (2.6) become
where
12) with
The equation of motion for a site B is derived in a similar manner and the effective-mass equation becomes
with 16) and 17) where V BA (r, r ) and V BB (r, r ) are given by equations similar to those given in eq. (2.12).
S-Matrix Formalism
The S-matrix is given by
with v α and v β being the velocity of the channel of α and β respectively, A being the length of CN, and T αβ is a T matrix given below. The conductance is calculated based on Landauer's formula 34) using the total transmission probability obtained from the S matrix.
The T-matrix follows the Dyson equation: 20) where V is the potential and G(ε) is the Green's function defined as G(ε)= (ε−H 0 +i0) −1 . In the present case, the potential is nonlocal. Correspondingly, we define T (r, r ) as
where T AA (r, r ) is a 2×2 matrix given by
(2.22) and others are given by a similar expression. These T matrices can be calculated in a way similar to the case of impurities and lattice vacancies discussed previously.
23,29)
For convenience, we rename the coordinate of sites We shall rewrite Green's function in a similar manner, i.e., 
Therefore, the T-matrix can be obtained by solving this linear equation. The matrix element is given by
When −2πγ/L < ε < 2πγ/L with L being the circumference, we have four channels in metallic nanotubes:
Green's Function for metallic CN has been calculated previously.
29)
G(x, y; ε+i0) = −iA 2γ 27) where g 0 and g 1 are defined as
, where κ n = 2πγn/L and k c is the cutoff wave number which is of the order of the inverse of the lattice constant, i.e., k c ∼ 2π/a.
Note that the off-diagonal Green's function, g 1 (x, y), has singularity in the vicinity of (x, y) = (0, 0), as was discussed in ref. 29 . This singularity is rounded off at a distance, r c ∼ 2πδ/k c , where δ ∼ 0.2. When we discuss the conductance of CN's with impurities localized within a distance of a few times of the lattice constant, the off-diagonal Green's function plays a crucial role due to this singularity.
§3. Single Vacancy
One way to introduce a vacancy is to put a large onsite potential on a certain site, as studied previously.
29)
Another way is to cut three bonds connected to a site, which is realized by adding three bond potentials whose strength is equal to +γ 0 . In this section we study CN with a single vacancy based on this bond-potential scheme. A justification of the present bond-potential perturbation is necessary because the validity of the continuum model neglecting the lattice structure completely is not obvious at all and may look to be rather doubtful. In fact, the results will turn out to be sensitive to the choice of the cutoff parameter and provide the information on its appropriate choice for the calculation for Stone-Wales defects discussed in the next section.
Without the loss of generality, we choose a B-site located at R = R B4 as a defect center. It has three nearest-neighbor A-sites, which are situated at R = R A1 , R A2 , and R A3 as shown in Fig. 2 . The extra bond potential is given by
where we have abbreviated a(R A1 ) to a 1 , etc. Figure 3 shows calculated conductance of an armchair CN with L/a = 10 √ 3 for varying cutoff k c together with that for a large short-range potential. 35) At ε = 0 the conductance stays always at the ideal value 2e 2 /πh. There are twin dips appearing at the energies of the same absolute value, where the conductance becomes the half of the ideal value. The energy of the conductance dip varies sensitively when the cutoff is slightly varied. At k c a/2π = 0.43, two dips come closer and form a single dip with a discrete jump at ε = 0. Figure 4 shows the conductance of CN's with different circumferences L for k c a/2π = 0.43. The conductance of a CN with a single vacancy is reproduced independent of L except for the presence of the singularity at ε = 0.
The results are in good agreement with those obtained in a tight-binding model.
26)
In order to check further the validity of this bond potential formulation in the k·p scheme, we also calculate the conductance of such a system that the defect center is loosely connected (but not disconnected completely) with the nearest three sites (the transfer is given by γ instead of γ 0 , i.e., γ 0 should be replaced by γ 0 −γ in eq. (3.2) ). Figure 5 
36)
Some examples are shown in Fig. 6 . The results are in good agreement with those obtained in the k·p scheme except at ε = 0 for γ = 0. In particular a perfect transmission occurs always at ε = 0 except when γ = 0. The singularly strong dependence on the cutoff parameter in the k·p result arises due to the singularity at ε = 0.
When the bond potential is weak, i.e., γ ≈ γ 0 , we can use the lowest order perturbation to calculate the T-matrix. The lowest order term is given by the matrix element (α|V |β) where F α and F β are the wave functions of traveling modes at ε = 0. The matrix element contains a term
3) The first term in the bracket of the right hand side vanishes when being summed by R Aj but the second does not in general. At ε = 0, however, the second term also vanishes because it is proportional to (k x + ik y )F A (r) = 0. When |γ −γ 0 | is comparable to γ 0 , the lowest perturbation is no longer valid. We can show that higher order terms vanish always at ε = 0 although not discussed explicitly.
This singularity at ε = 0 and γ = 0 is closely related to the isolated atomic p z state of the removed site. In fact, as long as the coupling with the site is present a resonant scattering appears at ε = 0 and its resonance width is determined by the coupling strength. The sensitivity to the choice of the cutoff parameter is due to this resonance. §4.
Stone-Wales Defect
We consider CN's with a single Stone-Wales defect, whose configuration is depicted in Fig. 7 (a) . To express this system with tight-binding equations, we have various choices, as shown in Fig. 7 
, and R C1 -R C2 . Set the amplitude of wave functions zero at R A1 and R B1 by introducing an on-site potential u 0 and letting it sufficiently large.
These bond constructions are classified into two types, asymmetrical way (b) and (c) and symmetrical way (d).
For the bond connection (b), for example, the extra potential is given by
Similar expressions can be derived for the connection (c).
For the connection (d), we should start with the tight-binding equations:
3) and
4) where u 0 is sufficiently large on-site potential. The last two equations enable us to express equations of motion at A and B sites only with wave functions at A and B sites by eliminating wave functions of C sites. Wave functions at C sites are
5) with
Substituting eq. (4.5) into the first two equations of Eq (4.4), we obtain
By solving the Dyson equation (eq. (2.23)), we obtain scattering coefficients. Figure 8 shows results of numerical calculations for each model. We adopt the cutoff parameter k c a/2π = 0.43 as we have determined in the single vacancy case. The on-site energy is chosen as u = 10
6 but results are independent ofũ as long asũ> 10. Note, however, that the result does not depend strongly on this choice of the cutoff in contrast to the case of a single vacancy discussed in the previous section.
The conductance exhibits two dips at a positive energy and a negative energy. Except in the vicinity of the dips, the conductance is close to the ideal value 2e 2 /πh. With the increase of the circumference, the dip energies approach the band edges and the deviation of the conductance from the ideal value becomes smaller. The results in the k·p scheme are in good agreement with tight-binding results.
These conductance dips can be ascribed to the presence of virtual bound states as in the case of lattice vacancies. 26−30) The two-dip structure corresponds to the case of a pair of vacancies at A and B sites although two dips lie at positions asymmetric around ε = 0. A Stone-Wales defect can be obtained by first removing a pair of neighboring A and B sites and then adding a pair in the perpendicular direction. The above result seems to show that the removal of a pair is likely to be more dominant than the addition of nonlocal transfer between neighboring sites.
The conductance of CN with L/a = 10 √ 3 containing a Stone-Wales defect has been calculated by pseudopotential method.
37) The results seem to be closer to the present with larger L/a. There are various reasons leading to this small discrepancy. The bond potential can be underestimated in the pseudopotential method because of the limitation in the number of plane waves (roughly corresponding to the cutoff). In a tight-binding model effects of the removal of some sites can be overestimated because it corresponds to an infinite on-site potential but the actual potential is not infinite. Therefore, the effective potential used in the effective-mass calculation is likely to be overestimated.
§5. Effects of Magnetic Field
At ε = 0, the wave functions and Green's functions in magnetic fields perpendicular to the axis are obtained from those in the absence of a magnetic field by multiplication of a nonunitary scale factor. 30) In a magnetic field with strength H, the wave vectork is replaced bŷ k+(e/c)A with A being the vector potential given by
The k·p Hamiltonian H 0 in the presence of a magnetic field is related to H 0 0 in its absence through
where P (r) is a diagonal matrix defined by
2 , where l is the magnetic length defined by l ≡ ch/eH. With the use of the above relation, Landau wave functions at ε = 0 are determined exactly. 38) They are given by 6) and I 0 (z) being the modified Bessel function defined as
4) with
f K± (r) =    F − (r) 0 ±iF + (r) 0    , f K ± (r) =    F + (r) 0 ∓iF − (r) 0    ,(5.
5) where
Similarly, the Green's function at ε = 0 is given by
where G 0 ij is the Green's function in the absence of a magnetic field.
30)
The effective strength of the field is characterized by the parameter α. We have two regimes, a weak-field regime α 1 and a strong-field regime α 1. In the strong-field regime, F + (r) and F − (r) are localized around x = 0 and x = ±L/2, i.e., top and bottom of CN's, respectively. Because of this localized feature of the Landau wave function, envelope functions for A and B sites do not overlap each other in the strong-field regime. The group velocity at ε = 0 is given by v =h/γI 0 (α).
We should note first that I 0 (α) appearing in the velocity in eq. (2.19) is canceled by the normalization factor of the wave function F as in eq. (5.6). Because a Stone-Wales defect is localized strongly and its size is much smaller than the circumference of CN, P (R i ) and P (R j ) can be replaced by P (R 0 ) where R 0 is the average position of A and B sites involved in the defect. Then, the magnetic field appears only in the diagonal elements of the Green's function and in the form
2 cos θ with θ = 2πX 0 /L, this means that the S matrix depends only on the field component H cos θ in the direction perpendicular to the nanotube surface at the center-ofmass of impurities, as in the case of lattice vacancies.
The conductance in magnetic fields can be calculated straightforwardly. Figure 9 shows examples of the conductance as a function of a magnetic field for L/ √ 3a = 20 and 50 for the connection (d) of Fig. 7 . The conductance stays almost independent of the magnetic field in the weak field region, decreases rapidly above a critical field, and vanishes after taking a small plateau with G ∼ e 2 /πh in high magnetic fields. Except for the presence of a plateau in high fields, the overall behavior is close to that of the conductance of a CN containing a pair of A and B vacancies. 26, 30) This can be expected because potential matrix elements are present at both A and B sites equally.
The small plateau in high fields arises due to transmission between K and K' points. As is clear in eqs. (5.5) and (5.6), the wave function has a large amplitude at B sites for the K point and at A sites for the K' point in the vicinity of the defect when X 0 = 0. This gives rise to a large transmission between K and K' points through nonlocal potential connecting A and B sites in high magnetic fields. The plateau is considered as a most prominent effect of the nonlocal potential connecting A and B sites. When the field becomes further strong, reflection due to scattering dominates the transmission and the conductance vanishes.
A Stone-Wales defect gives nonlocal bond-alternation potentials arising from transfer integrals between different atoms. Strictly speaking, therefore, the magnetic field appears also in the effective potential through a Peierls phase factor. In usual magnetic fields for which the flux passing through a unit cell of 2D graphite is much smaller than unity, this Peierls phase factor can be safely neglected for small-size defects. §6.
Summary and Conclusion
We have studied the conductance of CN with nonlocal bond potential such as Stone-Wales defects. In the k·p scheme, a Stone-Wales defect is well described by a nonlocal bond potential. In this case, distinguished topological effects do not appear as in the case of CN junctions, where topological effects manifest themselves in the special boundary condition in junction region and affect the wave functions significantly.
39) Effects of a magnetic field have been studied also. The conductance is scaled completely by the field component in the direction of a defect and the field-dependence is similar to that of an A and B pair defect. The bond alternation manifests itself as a small conductance plateau in high magnetic fields. Fig. 1 The lattice structure of a 2D graphite sheet and various quantities. The chiral vector along the circumference direction is denoted as L. The coordinates (x , y ) are fixed onto the sheet, the x axis is in the circumference direction, and the y axis is along the tube axis. η is the angle between the chiral vector and the x axis. Fig. 2 A schematic illustration of a single vacancy modeled by a bond potential. The thin lines represent loosely connected or disconnect bonds. Fig. 3 Some examples of the conductance calculated in the k·p scheme for CN with removed three bonds connecting a single B site to three neighboring A sites. The result for large on-site potential is plotted in a dashed line. Optimum cutoff constant is k c a/2π = 0.43. The conductance falls from perfect transmission to half transmission as the energy moves away from zero. When the energy is equal to zero exactly, the conductance goes up abruptly to perfect transmission.
Figure Captions

Fig. 4
Conductance for various circumference lengths calculated in the k·p scheme for CN with removed three bonds connecting a single B site to three neighboring A sites. All the calculations are made with cutoff constant fixed to its optimum value.
Fig. 5
Conductance of an armchair nanotube with a loosely connected site calculated in the k·p scheme using cutoff parameter k c a/2π = 0.43. The parameter γ is the bond strength which connects the site to the nearest three sites.
Fig. 6
Conductance of an armchair nanotube with a loosely connected site calculated in a tight-binding model. The parameter γ is the bond strength which connects the site to the nearest three sites. 
